Abstract. We present a theory of the nanoelectromechanical coupling in a magnetic nanoelectromechanical single-electron tunnelling (NEM-SET) device, where a nanometre-sized metallic cluster or 'dot' is suspended between two magnetic leads. In this device, the spin projections of the tunnelling electrons, which can be manipulated by an external magnetic field, control the strength of the tunnel current. The magnitude of the current, in turn, determines the power that can be supplied to the vibrational degree of freedom of the suspended cluster. The electromechanical instability that occurs in the system if the dissipation rate of the mechanical cluster vibration energy is slow enough, is shown to strongly depend on the external magnetic field. As a result different regimes of 'shuttle' vibrations appear and are analysed. The strength of the magnetic field required to control the nanomechanical vibrations decreases as the tunnel resistance of the device increases and can be as low as 10 gauss for gigaohm tunnel structures.
Introduction
The electrostatics of nanometre-sized tunnel structures involves energies of the order of 10-100 meV, which are related to the redistribution of charge caused by the tunnelling of single electrons. The resulting strong electrostatic forces may in some cases produce a significant deformation of the material, which in turn-since the probability for tunnelling is exponentially sensitive to the tunnelling distance-can affect the tunnel current. This is the case in nanoelectromechanical single-electron tunnelling (NEM-SET) devices, where 'soft' mechanical degrees of freedom allow the displacement of a small conducting 'dot' with respect to two bulk electrodes that serve as the source and drain for tunnelling electrons. Such systems can be assembled intentionally by several methods and have typical mechanical vibration frequencies ranging from 100 MHz [1, 2] to 1 THz [3] . A nanomechanical instability in the position of the dot, caused by the tunnelling electrons, has been suggested to provide the scenario for a novel nanomechanical mechanism of charge transport in NEM-SET devices [4] . In this scenario, single electrons are mechanically 'shuttled' from source to drain by the vibrating dot [5] - [7] . In the context of this paper, it is particularly interesting to note that magnetic NEM-SET devices have recently been assembled using as dots fullerene molecules, which are trapped in nanogaps formed between magnetic metals [8] .
Tunnelling electrons do not only transfer electric charge but also magnetic moment, since they have spin. This opens up the possibility to manipulate the spin of tunnelling electrons by an external magnetic field and study the effects on transport through magnetic NEM-SET devices with spin-polarized metal source and drain contacts. Questions of interest include both the effects of an external magnetic field on the nanoelectromechanical instability responsible for shuttling and its effect on the value of the current, i.e. the magnetotransmittance. As for the latter, it has been suggested that the shuttle current through magnetic NEM-SET devices is very sensitive to an external magnetic field, leading to a giant magnetotransmittance effect for weak external fields of the order of 1-10 gauss [10] and to the possibility of a dc spectroscopy of the nanomechanical vibrations [9] . The inverse phenomenon of a spin-controlled nanoelectromechanical instability is also possible due to the coupling of mechanical degrees of freedom with the change and spin of the electrons. It turns out that it is possible to magnetically control the nanomechanical functionality of a device, enabling one to trigger high-frequency (THz) nanovibrations by applying an external 3
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . Schematic picture of the magnetic NEM-SET device discussed in the text. A movable dot with a single, spin-degenerate electron level is bound by a harmonic potential in between two fully spin-polarized leads. The magnetization of the leads point in opposite directions (arrows). An external magnetic field B perpendicular to both these direction tend to flip the spins of electrons that have tunnelled onto the dot as a result of the symmetrically applied bias voltage V . magnetic field [11] . Here, we present a detailed theoretical study of such spintronic aspects of the nanoelectromechanics of magnetic NEM-SET structures.
This paper is organized as follows. In section 2, we present our model system and formulate the problem to be solved. In short, we consider a vibrating dot, containing a single (spindegenerate) electronic energy level, placed between two fully spin-polarized magnetic leads. The magnetization of the two-leads point in opposite directions 5 as shown in figure 1. An external magnetic field applied perpendicular to the magnetization of both leads tends to flip the spins of the electrons that reside on the dot as they are tunnelling from one magnetic lead to the other, thereby inducing 'spin-flip' dynamics on the dot.
In section 3, we reduce the quantum kinetic description of the problem in the limit when a large bias voltage is applied to the system [14, 15] . A kinetic equation is derived that keeps track of the quantum dynamics of the mechanical and electronic-spin degrees of freedom, while treating the tunnelling of electrons to and from the reservoirs classically [13, 16, 17] . The possibility of a nanomechanical instability and the resulting stationary state of shuttle vibrations are analysed in section 4. Here, we present a 'phase-diagram' of the different regimes of shuttle vibrations that occur depending on bias voltage and external magnetic field. In section 6, the electrical current is calculated for each of these regimes, and finally, we discuss our results and present our conclusions in section 7.
Model system
The system under consideration is an NEM-SET with fully spin-polarized magnetic leads as schematically shown in figure 1. All electrons in the left lead are assumed to have spins pointing up while in the right lead all spins are pointing down. The movable central island carries a single electron energy level, which is spin-degenerate in the absence of a magnetic field. A symmetric 4
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT bias voltage is applied, resulting in an electric field E between the leads. In the absence of a magnetic field between the leads the electron transport through the system is blocked. To get non-trivial dynamics, we apply an external magnetic field B perpendicular to the direction of the magnetization in the leads. We consider a symmetric coupling to the leads, in which case the spin polarization in the leads does not contribute to the magnetic field on the island.
We use the Hamiltonian
to describe the magnetic NEM-SET. Its first term,
describes non-interacting electrons in leads (α = L, R), whose electron densities of states ν α are assumed to be energy independent. The operator a † αk (a αk ) creates (destroys) an electron with momentum k in the lead α with the corresponding spin. The electrons in each lead are held at a constant electrochemical potential µ L,R = ∓eV/2, where e < 0 is the electron charge and V > 0 is the bias voltage. Since the leads are fully spin-polarized the lead index α can also be used as a spin index: L = ↑ and R = ↓. The second term,
describes the single electronic state in the dot and its coupling to the electric field E and the magnetic field B. The Zeeman splitting is given by gµ B B, where g is the electronic g-factor and µ B is the Bohr magneton. The Coulomb repulsion between two electrons on the island is represented by the last term in equation (3) . Tunnelling of electrons between the island and the leads is described by
where
are the position-dependent tunnelling amplitudes, A α ≡ k a αk and the operator c † α (c α ) creates (destroys) an electron with spin α in the dot. The 'tunnelling length' λ in equation (5) parameterizes the transparency of the tunnel barriers. Finally, the vibrational degree of freedom associated with the centre-of-mass motion of the island is modelled by the harmonic oscillator Hamiltonian
Here, M is the mass of the island and ω 0 its vibration frequency. 
are dimensionless electric (d) and magnetic (h) fields.
In the next section, we will derive a quantum Master equation that describes the dynamics of a magnetic NEM-SET modelled as described here. In general, this dynamics is quite complicated and non-Markovian. Non-trivial analytical results can, however, be obtained in the high-voltage limit
of the quasi-classical regime [15] , where
Derivation of a quantum Master equation
In the Schrödinger representation, the time evolution of the magnetic NEM-SET is determined by the Liouville-von Neumann equation
for the total density operator σ t ≡ σ(t). Here, [A, B] ≡ AB − BA denotes the commutator, H ≡ H/hω 0 and time t is measured in units of ω
0 . Transforming equation (12) into the interaction picture with respect to the non-interacting Hamiltonian
wherẽ
6
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By performing a trace over the degrees of freedom associated with the leads this equation is transformed into an equation,
Since the electronic distribution in the leads are virtually unaffected by the coupling to the island, the following relations can be conceived.
is the Fermi-Dirac distribution function in the lead α. After substituting the explicit form of the coupling termH tun into equation (16) and computing the trace by using the above relations, we arrive at the non-Markovian quantum Master equation
is the correlation function of the lead α, and
is the generalized tunnelling rate between the lead α and the island, and {A, B} = AB + BA denotes anticommutator.
In the high-voltage limit, eV/2 − 0 − U hω 0 , the correlation function K α,t−t 1 = 2πν L δ αL δ(t − t 1 ) becomes a δ-function and hence equation (17) becomes Markovian. After switching back to the Schrödinger representation and adding the damping term, we get the quantum Master equation
where Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT is the Hamiltonian of the reduced system (the movable dot; the 'shuttle'), and
describes tunnelling of electrons on and off the dot. The last term of (20),
represents the mechanical damping which is taken in its simplest form. Here, γ 1 is a dimensionless dissipation rate and n ω 0 ≡ [e βhω 0 − 1] −1 is the Bose-Einstein distribution function. The reduced density operator ρ acts on the Hilbert space of the dot, which is the tensor product of the vibrational space of the oscillator and the electronic space of the single electron level in the dot. The electronic space is spanned by the four basis vectors
In this electronic basis, the operator ρ can be written as a 4 × 4 matrix whose elements are operators in vibration space. The diagonal elements ρ 0 ≡ 0|ρ|0 and ρ 2 ≡ 2|ρ|2 represent the density operators of the empty and doubly occupied oscillator correspondingly, while the density operator of the singly occupied oscillator has the form
Here, ρ ↑ ≡ ↑|ρ| ↑ , ρ ↓ ≡ ↓|ρ| ↓ , ρ ↑↓ ≡ ↑|ρ| ↓ and ρ ↓↑ ≡ ↓|ρ| ↓ . The time-evolution of the density operators corresponding to different occupancies of the shuttle is determined by the system of equations of motion
where the origin of the x-axis has been shifted to the equilibrium point Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT One notes that there is no signature of Coulomb correlations in equations (26)-(31). This is because they are obtained in the high-voltage limit, where eV/2 − 0 − U hω 0 and Coulomb correlations are not essential for the charge transfer. However, by using the same approach as described above one may derive a similar system of equations that is valid in the Coulomb blockade regime [18] . In this regime, 0 + U − eV/2 hω 0 , 0 − eV/2 hω 0 and the tunnelling of a second electron onto the dot is blocked by the Coulomb interaction. The 'in-coming' term ∝ ρ ↑ in equation (31) then dies away and the probability of double occupancy ρ 2 → 0. In the remaining equations, In the following section, we will find the stationary state solution to the system of equations of motion (26)-(30) for the density operators ρ 0 ,ρ 1 and ρ 2 describing the unoccupied, singly and doubly occupied shuttle respectively.
Stationary solution of the quantum Master equation
The steady state of the magnetic NEM-SET can be conveniently analysed using the Wigner representation, in which the Wigner function (WF)
is used to describe the state of the system. Rewriting the system of equations (26)-(30) in terms of the corresponding WFs one getŝ
whereD ≡ ∂ t + p∂ x − x∂ p . In the quasi-classical regime, where the electromechanical coupling parameter η ≡ d/λ ∼ 1/λ 1 is small, one can find the stationary solution of the above system perturbatively in terms of the small parameters η and γ.
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whose dynamics is coupled to that of the vector WF
In the quasi-classical regime, the shuttle dynamics should resemble that of the free harmonic oscillator. Therefore, it is convenient to use the polar coordinates
In these coordinates, the steady-state solution is determined by the system of equations
together with the periodic boundary conditions 
Substituting (48) into (41), we obtain a closed equation for W + of the form
We will use the projector formalism to find the leading order approximation to the solution to equation (49). We first define a projector P which maps a 2π-periodic function g(ϕ) to its mean value
and a complementary projector Q ≡ 1 − P. We proceed by decomposing W + into two parts,
By inserting this decomposition into (49) and acting on this equation from the left with P and Q, respectively, we obtain two coupled equations forW + andW + , viz
After solving equation (54) with respect toW + and substituting the result
into equation (53), we obtain forW + the equation of motion
One can see from (55) thatW + is of higher order in the small parameters thanW + . Therefore, in the leading order approximation one can write W(A, ϕ) ≈W + (A). Expanding equation (56) to second order in the small parameters and recalling that P∂ P = [A
−1∂
A A]P cos ϕ, one gets a closed equation forW + (A),
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with 2π-periodic boundary conditions. The solution to equation (57) has the form
where Z is a normalization constant determined by the condition
Having obtained the stationary solution to the quantum Master equation for the problem at hand, we will now go on to analyse the solution and determine the various regimes of nanoelectromechanical behaviour that it gives rise to.
Analysis of the stationary solution
Here, we wish to analyse the stationary solutionW + (A) for the probability of the shuttle to vibrate with an amplitude A. More precisely, the expression 2πW + (A) gives the probability density for the energy of mechanical shuttle vibrations to be A 2 /2. From the definition (62) of the functionW + (A), it is clear that it has maxima at points A M , where In the vicinity of these points,W + (A) is a bell-shaped function of A and can be approximated by the GaussianW
with variance σ 2
M ≡ D(A M )/f (A M ). Expanding the function f(A)
around A = 0, we find that
where Here, S v↔s is a function of the external fields. Since η 1, at S v→s = S s→v , the switching rates corresponding to the reverse transitions differ exponentially leading to an exponential difference in realization probability for the two regimes. The line p is determined by the equality ε 1, at S v→s = S s→v ; that is, it corresponds to equal rates of the v → s and reverse transitions. Below this line, the probability of the v-regime is exponentially larger comparing to the s-regime, while above this line the s-regime exponentially dominates. Because of the smallness of the electromechanical coupling, η 1, the transition between the two regimes is very sharp. Hence, the change of vibration regimes can be regarded as a 'phase transition'. Such a transition will manifest itself if the external fields are changed adiabatically on the timescale max(τ v↔s ). One can expect enhanced low-frequency noise, around the line p as a hallmark of the transition. In the opposite non-adiabatic limit, either s-or v-regimes can be 'frozen' in the mixed domain while crossing the line p. If one starts in the v-regime, it preserves until the system crosses the line s, and if one starts from the s-regime, it preserves until the system crosses the line v. Hence, one should observe a hysteretic behaviour as shown in figure 6 . 
Stationary state current
Let us now calculate the steady-state current through the magnetic NEM-SET. In the high-voltage limit, the the steady-state current through the island is given by
which to lowest order in d/λ, λ −2 and γ reads
Here,
and G Since in the quasi-classical regime the functionW + (A) is sharply peaked around the steady-state point A C , one can make the approximation I ≈ I cl (A C ).
The current in the soft and hard transition regimes is shown in figures 9 and 10.
Conclusions
In the present paper, we have shown that the nanomechanics of magnetic NEM-SET devices can be controlled by an external magnetic field. This is possible due to the phenomenon of spin-dependent tunnelling, which is pronounced when the electron states in the source and drain leads are strongly spin polarized. In such systems, electronic tunnelling is completely blocked if the magnetization of fully polarized leads are orientated in opposite directions. An external magnetic field, orientated perpendicular to the magnetizations of the leads, tends to induce spinflips on the central dot and hence to unblock the electric current through the system. This allows for 'pumping' of energy from the applied electric field into the vibronic subsystem of the NEM-SET. If the rate of energy pumping exceeds the mechanical dissipation rate a nanoelectromechanical instability occurs. Intrinsic spin relaxation processes are slow and have been neglected here 6 . 6 The electron spin relaxation time in C − 60 exceeds 1 µs [19] ; in a semiconductor quantum dot it exceeds 50 µs [20] . The parameter that controls the efficiency of the spin-flip process is µ B B/ 0 , which represents the 'rotation angle' of the electronic spin during the timeh/ 0 that the electron resides on the dot (in this section, 0 has the dimension of energy). The effect of spin rotation is to equilibrate the spin-up and spin-down states on the dot. For strong magnetic fields, such that B 0 /µ B , where 0 /µ B is of the order of the critical magnetic field B c (h c in dimensionless units, cf figure 4), the spin-polarization of the electrons that tunnel onto the dot is significantly reduced. Tunnelling of electrons through the NEM-SET device is then unblocked. This is why for B B c the criteria for the onset of nanomechanical vibrations become independent of magnetic field (see the phase diagram in figure 4) . The value of the characteristic magnetic field B c depends on the resistance of the system and can be as low as few a gauss for gigaohm contacts.
The effect of an external magnetic field on the nanomechanics is most dramatic for the case of fully spin polarized leads considered here. This is of course an idealization, but there are indeed magnetic materials-semimetals-with a very high degree of spin polarization [12] . In the case of incomplete spin polarization, a certain fraction n = ξn 0 of the electron density n 0 is unpolarized. This will result in a finite current even at zero-magnetic field. The effect of such an 'electrical shunting' can be taken into account in the manner it was done in reference [10] .
Qualitatively, the effect of a less than full spin polarization of the leads can be taken into account by introducing a fictitious magnetic field B ξ . Its role is to depolarize the electrons to an extent corresponding to the fraction n. figure 4 for which h > h ξ can be realized. Consequently, as ξ → 1 (no spin polarization in the leads) the effect of an external magnetic field on the nanomechanical vibrations disappears.
Other simplifications that have been made do not significantly affect the phenomenon of a nanoelectromechanical instability. Two of the most important simplifications are that we have neglected both the magnetic exchange coupling between the dot and the leads and the Coulomb blockade of tunnelling. The exchange coupling is negligible in symmetric shuttle systems, since the exchange fields induced by the antiparallel magnetizations of the leads tend to cancel each other 7 . The Coulomb blockade is important for low bias voltages V compared to the Coulomb energy U. We note, however, that V must be larger than a certain critical voltage in order for the energy dissipaton to be overcome and energy pumped into the shuttle motion. In practice this condition on V is more restrictive than the condition that it has to overcome the Coulomb blockade. 
